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We give sufficient conditions for asymptotic stability relative to a part of the
variables, We investigate the question of the invertibility of certain proved and
well-known theorems of Liapunov's second method, With the aid of the Liapunov
function method we give the necessary and sufficient conditions for the bounded-
ness of solutions relative to a part of the variables,

1, Let us consider a system of differential equations of perturbed motion
x = X{(t, x) (X(¢0=0) 1.1)
X = (T, ..., Ty), X=(X,..., X,
We shall study the question of the stability of the unperturbed motion x = 0 relative
10 Iy, .-y Ty (0 << m << n).Denoting these variables by y; = z; (i = 1, ..., m),
and the remaimng by 2; = Tmy; = 1, ..., n — m = p),i.e. X = (UYy, -y Ym,
Z,, ..., Zp)we introduce the notation

émﬁf uw=@§ﬁy

Ixi=(Sza) = Qv + 12

i=1

Iyl=(

We assume that;
a) in the region
>0, y|<H>0, 0<[z|<+ (1.2)
the right hand sides of system (1,1) are continuous and satisfy the conditions for the un-
iqueness of the solution;
b) the solutions of system (1,1) are Z-extendable; this means that any solution x (t
is defined for all ¢ > 0 for which [y (¢) | << H.
By X = X (¢; t,, X,) we denote the solution of system (1,1) defined by the initial
conditions X (¢o; ty, Xg) = X,
Theorem 1, If there exists a function V (¢, X) satisfying the conditions:
1
’ V(x> a(y) (1.3)
where a (r) is a continuous monotonically-increasing function and a (0) = 0;
2) V << 0 by virtue of (1.1) and for any > 0
Vir, x) << — my (7) (1.4)
follows from V (t, X) 2> n, |y | << H, where

{ma(mdr= 4 oo (1.5)
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3174 A.S.0zlraner

then the motion x = 0 is asymptotically y -stable, If, further, system (1,1) and the
function V are © -periodic in ¢ (or are independent of £), then the asymptotic y -sta-
bility is uniform in {fo, Xo}.

Proof, The hypotheses of the y -stability theorem [1] are satisfied, therefore, for
any e € (0, H), t, > 0 we can find 8 (e, t,) >> 0 such that from |x,] < 6 it follows that
| ¥ (2, ty, Xo) || < & for all ¢ > ¢,. Let us show that when | x4 | < 8,

lim (t, X (t; to, X())) =0 (16)
-
Otherwise, because V' <{ 0 we would haveV (¢, x (t; ¢, Xo)) > 1 > 0 and from
t
V (t, x (L to, Xo) = V (o, X0) -+ S V" (7, x (T; to,%0)) dT (1.7
t
would foltow ’ ;
0V (8 X (5 to, Xo)) <V (b0, X0) — S m, (1) dt
lo
which is impossible for ¢ sufficiently large because of (1, 5), The asymptotic y -stabi-
lity of the motion x = 0 follows from (1,6), When system (1,1) and the function V are
o- periodic in ¢, the required uniformity follows from Theorem 1 of 2],
Theorem 2, If there exists a function V (¢, X) satisfying the conditions;

1) a<uyu><va,x)<b((§xﬁ)”), m<k<n (1.8)

i=1

2)(1,4) and (1, 5) follow from
k

2=, yl<H
i=]
for any 1} > 0, then the motion x = 0 is asymptotically y-stable uniformly in x,
from the region (*)
k

.2 2 .
l_gxw L 82, —ol <+ (=k+1,...,n, 8=const>0 (1.9)
Proof, Set §= b1 (a (H)). ¥ (1.9) is satisfied,

k ’
a(ly (&t X)) SV (& X (8 to, x0) <V (b0, xa) b (( ngo) ) < a (H)
=1

whence ||y (t; ¢y, %) | < H for + > ¢, and, consequently, the solutionx (f; ¢ X,)is de-
fined for all ¢ & ¢, o0).For every & > 0, t, > 0 there exists, by virtue of (1. 5), T (e,
ty) > 0 such that for M= h= 07! (0 (&)

to-T

m, (v) dt = a (H) (1.10)
lo

If we assume that V (¢, X (¢; £, X)) 2> a (¢) for allt € (¢, t~ + T),then by virtue of (1,4)
and (1,10), from (1,7) would follow

*) This means that for a certain & > { there exists, for any &> 0, £, 2> 0.a7(e. /,)7>0
such that [ y(¢t: ¢, xp) | <& for all t = 17, + 7, if x, lies in region (1, 9).
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to+-T
0< a(e) <V (todT, x (to+ T to, x2)) < V (fo, Xa) — S m, (¥) dv < a (H) —
to
toh-T
— S m, (v)dt=_C
ty
which is impossible, Consequently, for some t, &€ (tg, tp + T)we have V (L4, X (f4}
ty, Xy)) < a(e).Since V¥V’ < 0, then for 1> tx

a(|y (5 to, x3) [) SV (£, x (8 to, X0)) XV (Bys X (85 B0y X0)) < @ (8)
whencelly (¢ o, Xo) | < efor all ¢ > ¢, ++ T > ¢, .The theorem is proved,
Note, The identities
Xt 0,...,0, gy ., 20)=0 (t=1,..., m

are necessary for the fulfillment of the hypotheses of Theorem 2 and are proved analo-~
gously to [4],

Theorems 1 and 2 generalize the results of [3], When m < n these theorems cannot
be inverted even for autonomous systems which are asymptotically y -stable uniformly
in {¢9, X, } as shown by the following example,

Consider a system [4]

T =—2¢(y), y=0 (1.11)

in which @ (y) is a smooth function, where @ (y) > 0for [y | <1, p(y) =0 for|y|>1.
1, The solution z = y = 0 of system (1,11) is asymptotically z -stable uniformly in
{[07 Loy .'/0} [4].

Let us show that a function V satisfying the hypotheses of Theorem 1 (*) does not exist
for system (1,11), We assume the contrary; suppose thatV(¢, z, y) > a (| z |),but that
V' (T, 2, y)<— my (1) follows from V (1, z, y) > 1 > 0, ] z |~ H and (1. 5) holds, In the

region|y| > 1, V' = 8V / 0¢. Because this region is convex in ¢ we have ([5], p.154)
t

d
Vi, =, y)=g—ar Vi, z, ) dr+ ¥ (2 y)
0

whence follows, for z == 0
t

0Vt 2 9) < — { mygy W dv+ ¥ (2, 1)
0
which is impossible for ¢ sufficiently large,
Under the assumption of continuity and boundedness of the derivatives 8X; / dz; a the-
orem inverse to Theorem 1 was stated in [3] for the case m = rn , If the derivatives
dX; / 0xj are continuous, but not bounded, the inverse theorem does not hold, as shown
by the example of the scalar equation [8]

= —2z9(t z) (1.12)
in which ¢ is a smooth function, and ¢ = 1 for | z| < ¢ 'and ¢ =0 for | z| > 27",
The solution z == 0 of Eq, (1.12) is asymptotically stable [6]. Let us show that a fun-
ction V (t, r)satisfying the hypotheses of Theorem 1 does not exist for this equation, We
assume the contrary: suppose that V (¢, z) > a (Jz|),but that V" (7, 2) < — my, (1)follows

*) The proof is carried out analogously for Theorem 2,
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from V (1, ) 2 m > 0, |2| <X H.and (1. 5) holds, In the region 2¢™" < | 2| <] H we have
V' = oV /[ ot, therefore [6],
t t
vV (¢,
i<V = § Tplatv@s— § mgp@atee
T(x) (x)
(T(x)=~—1n ]zl

which, by virtue of (1, 5), is impossible for ¢ sufficiently large,

2. Theorem 3, If in the region

t>0,  |x|<H>0 (2.1)
the right hand sides of system (1, 1) are uniformly bounded
IX(t, x)| <N (¥ =rconst >0) (2.2)

and if there exists a function V (¢, X)such that V > 0, while its derivative by virtue
of system (1.1) o
Vit x) << — c(x)) (2.3)
(¢ (r) is a function of the type of ¢ (r)), then V (¢, X) is a positive-definite function,

Proof, From (2,2) it follows that the solution x (¢: f,, Xy) with initial point (,, Xo)
from the region

I x| =21, 1> 0 2.4)
is defined for 0 <C ¢ — ¢, =7 I/ / (2\V) and satisfies the inequality
WX (8 Lo, Xo) || H 2.5)

Let us show that 17 is a function which is positive definite in region (2, 4), We assume
the contrary: suppose that for some &;. O <{¢, < //,.for any arbitrarily small § > 0 we

can find a point (ts, X5, fax = U, 0 SO Nw [ % /s for which V (74, x4 < 8. We have
. . € I3 LI -1 .
! (g )‘*) < ._)—:" ¢ <%> for § <2~\‘1 ¢ [\—.J—/ (2.6)
From (2, 2) and inequality || X4 || 2> ¢, follows
. ' & — - Fn 1 -
I x (£ ¢, x*)‘]>.§’ for O0<Ct—t, < _’ET<,T\17 2.7)

By virtue of (2,6) and (2, 7),
- P ) En L. : Y .
0 < V<t* 'I’F » X (t* +2\\, o ..*)> b (g xy) — ;%C (3L)< 0
follows from (1, 7) for the instant ¢ =ty - ¢, / (2.V) (in view of (2, 5) the solution is still
defined at this ; ), which is impossible, The theorem is proved,
Note, Condition (2,2) is satisfied, for example, if system (1.1) is periodic in ¢
(or autonomous),
Lemma, If there exists a functionV (¢, x)such that ¥V > 0 in region (2,1), while
V' < 0, the inequality ¥ (¢, x) >> 0 is fulfilled at each point (¢, X) at which V' (¢, x) < 0.
Proof, If it should be that at some point (t4, X&) we have V' (ty, x4) <0 but
V (ty, Xg) = 0, for a sufficiently small + > 0, V < () would follow from
l,:|-s
Vity 8 X (B -+ 65 tyo X)) = V(8 Xy) - 5 Vi(r, x(T5 84 X)) d7 =17 1y, X) & + 0 (8)

Ly

which is impossible,
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Theorem 4, Ifinregion(2,1):

NV, x) >0

2) the function V is periodic in ¢ (or is independent of time)

3) V' (¢, x) < 0 follows from | x | == 0,
then V is a positive~definite function,

Proof, By virtue of the lemma, from conditions (1) and (3) it follows that V (¢,
x)>0 for || x|| #= 0. Therefore, the positive definiteness of function V follows from cond-
ition (2) [71.

Note, Condition (3) is fulfilled, for example, if V' is a negative-definite function,
Theorem 4 is not true if we omit condition (2), as the following example shows: for
the equation =~ = —ze¢' the constantly-positive function V = 22!, which is not positive

definite has a negative~definite derivative,

The following is well known:

Theorem A [8—10], If there exists a function ¥ (¢, X) satisfying the conditions

a(ly) <V x)<b(x])

in region (1,2) and if (2, 3) holds, the motion X = 0 is asymptotically y-stable uni-
formly in {¢,, X,}.

From Theorems 3 and 4 it follows that if a function V exists satisfying the hypotheses
of Theorem A and if one of the next two conditions are fulfilled: either (2, 2) holds (in
region (2,1)) or V is periodic in ¢, then the function V is necessarily positive definite
and, consequently, the motion x = () is asymptotically Liapunov-stable (uniformly in
{to, Xo}[7]). Thus, a function V,which is not positive-definite in all the variables
and which satisfies the hypotheses of Theorem A (for example yhen there is no asympt-
otic Liapunov-stability), can exist only when system (1.1) and function V depend "ess-
entially” on time, For example, for the system 2= —z4yet, Y= —z—ye’
the z-positive-definite function ¥ == z* 4 y%!, admitting of an infinitesimal upper
bound, is not positive-definite in (z, y) but has a negative~definite derivative,

3, The Liapunov function method can be applied to investigate the boundedness of
solutions [11 — 14}, Analogous results hold in the problem of y -boundedness,

We assume that the right hand sides of system (1, 1) are continuous and satisfy the con-
ditions for the uniqueness of the solution in the region

0L x| <+ >, t>0 (3.1)

moreover, it is not necessary that X (¢, 0) = 0;here z-extendability signifies that
any solution X (f; o, X,) is defined for all ¢ >> O for which] y (¢; t,,X,) || <{ + 0.

Definitions, The solutions of system (1,1) are said to be:

a) y-bounded if for any ¢, => 0, X, we can find N (f,, X,) > 0 such that for{ > ¢,

Iy (¢ to, xa) | N (3.2)

b) y-bounded uniformly in ¢, if in (a) we can choose N (X,) => O independent of
t, forany x, ;

c) y-bounded uniformly in x, if for any ¢, > 0 and a compactum K of the space
{1, ..., x,} we can find N (t5, K) >> 0 such that (3, 2) follows from X, & K,
t =t

d) y-bounded uniformly in {#,, X,} if in (c) we can choose N (K) > 0 independ-
ent of f, for any compactum K ,
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Theorem 5, In order for the solutions of system (1,1) to be:

1) y-bounded, it is necessary and sufficient that there existsa function V (£, X) sat-
isfying inequality (1. 3) in region (3,1), wherea (| y ) = + oo as |y | = oo and the
function V (¢, x(¢; £y, Xp)) does not grow for any solution X (t; ¢y, X) 3

2) y-bounded uniformly in {,, it is necessary and sufficient that there exists a func-
tion V satisfying the conditions (1) and, further, the inequality

Vi, x)y<<W(x) (3.3)

where W (x) is a function (discontinuous, in general) which is finite at every point X ;
3) y-bounded uniformly in X,,it is necessary and sufficient that there existsa funct-
ion V satisfying the conditions in (1) and such that for any compactum K

Vi, x)<< @, () for xEK, t>0 (3.4)
4) y-bounded uniformly in {¢,, X,},it is necessary and sufficient that there exists a
function V satisfying the conditions in (1) and the inequality
vt x)<b(lx]) (3.9)
where b (r) is a function increasing monotonically for r & [0, oo) (*.
Proof, 1) Sufficiency, For Vo=V (4, X,)there exists NV (V) =N (fo, Xo) >0
such that a (jf y I]) > V, follows from]] y || > . Further, we have

a(ly (o, X)) SV (& x (5 2o, X)) S Vo
whencell y (t; to, xo)[| < Nfor ¢ >t.
Necessity, The function
Vg, xy=sup |ly(t+ v t, x)| (3.6)
>0
is defined by virtue of the y-boundedness in region (3,1), Obviously, V (¢, x) >/ ¥|
If t, < t2,then

v (tl’ X (tl; bo, XO)) = 8sup u Y (175 o, Xo) " > sup “ Yy (t2 + 1 to, XU) “ =V (IZ' X (t'-’; to, X(»))
=0 220

i,e., V (¢, x(t; to, X»)) does not grow,

2) Sufficiency, We choose N (x;) >0 such that a(||y|}) > W (x,) follows from
Lyl > N, In this case (see (3.3))

a(ly & to, X)) <V X8 to, X0)) <V (b, X0) W (%0)

whence || y (¢ ty, Xo) || < N for ¢ 2> ¢

Necessity, The function V defined by formula (3, 6) satisfies, in accord with De-
finition (b), the inequality V (¢, x) << N (x).

3) Sufficiency, Forevery ¢, and compactum K there exists ¥ (¢y, £) >0 such
that a (}} y ||) > @g(¢) follows from [| ¥y || > NV, For x, &€ K, t > towe have (see (3,4))

=
a(ly (& to, x) DTV (2, X185 2o, X)) TV (I, Xo) < @ (20)

whence ||y (& to, x0)[| CN.
Necessity, The function ¥ defined by formula (3, 6) satisfies for x & K the ine~

quality Vi(t, x) N (8, K)=qg ()

*) Results close to (3) and (4) of this theorem (on the sufficient conditions side) have been
obtained by Peiffer, K, La méthode directe de Liapounoff appliquée a 1'¢tude de la sta-
bilite partielle (Dissertation), Universite Catholique de Louvain, Faculte des sciences, 1968,
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4) Sufficiency, For each compactum K we denote
by =sup[V(t, x3: 120, xEK]sup[b(x[): x&E K] <+ o0
There exists N (K) > 0 such that a (|| y |]) > by follows from || y || > N. Then

a(ly (& to, X)) SV (@ X (& to, Xa)) <V (fo, X0) b
for to >0, xeEK

whence || y (¢; fp, Xp) || < N forall t > ¢

Necessity, For function (3,6), by selecting as compactum K the spheres || x {|= r,
r € [0, o), we obtain, in accord with (d),

Vi, ) SNEK)=N() for xEK

The function N () may be considered to increase monotonically with r & [0, oo); after
this it remains to set b (||x]|) = N (||x]]). The theorem is proved,

Note. Condition (3, 4) is satisfied if V (¢, x)is continuous,

Example, For the mechanical system i, 2, 91

d a7 _ oT _ Pty onga=—gi) (37)
dt dq, dq; 8q + 2 805 — dq;’ ( v "
having taken H = 7 +4 U as the Llapunov function, we obtain H® = —2f <{ 0. We assume
that n "
2T = D) aij (@a,9;>a Dg;2 (@>0, U>o

i, j=1 i=1

According to item (4) of Theorem 5, the solution of system (3,7) is q ~bounded uni-
formly in {#,, qo, 9o’}- Consequently, each solution{q (#), 4" (#)} is defined for ¢ & [0, =0)

Differential inequalities and the comparison principle [15] may be applied to the Y-
boundedness problem, Let us assume that a vector-valued function V = (Vy, ..., Vi)
exists, satisfying the conditions:

1) V (¢, x)and Y’ (¢, x) are continuous,

2) forsome | (1 << 1<<Tk)

Vi, x)+ Vi, x) > a(yh (3-8)

where a (| y ) =
3) V' by virtue of (1,1) satisfies the inequality
V (¢, x)<<B(¢, V(¢ x))
while the vector-valued function f (¢, V) is defined and is continuous in the region
t>0, 0| V| + 20
4) each of the functions f, (s = 1, ..., k) does not decrease with respect to Vj, ...,
Vs—lv Vs+l*"'l Vk-
We denote @ = (,, ..., ®;)and consider the comparison system
o =1 0) (3.9)
Theorem 6. 1) If the solutions of system (3, 9) are « ~bounded, the solutions of
system (1,1) are y-bounded uniformly in x,;
2) if the solutions of system (3, 9) are a~bounded uniformly in ¢, and
IV x)<<b(x))
the solutions of system (1,1 are y-bounded uniformly in {f,, Xo}.
Proof, By a theorem of Wazewski [16] there exists an upper integral of system
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(3. 9) satisfying the inequality
Vit x (4 to, x0) <@ (13 o, @) (3.10)
if only V (to, X0) <\ @o.
1) Because V is continuous, for each compactum &
Vi, x) <gg () =max [V, x): x& K] for 120, xe K
We set @o = @y (to),thenV (2, xa) < 0o for xo € K. By hyPothesis there exists A (10, ®o) ==

Ay (2o} such that {
Dlogt(t te @) < A (3.11)

§=1
If N (4) = Nk (t5) > 0 is such thata{[| ¥ |) > 4 follows from ||y || > N, then from (3. 8),
(3.10) and (3,11) we obtain
l 1
a(ly (& to XN D Valty X (5 0, X)) < Dyos* (8 to, o) < A

8=1 §==1
whence ||y (4 fo, X0)] < Nfor t >t
2) Wesetbg = sup [b (|| x [): x € K], @, ==bx (s== 1, ..., k). Then the numbers Ay

and Nk can be chosen independent of #). The theorem is proved,
The author thanks V., V. Rumiantsev for his advice and for attention to this work,
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RELATIONS BETWEEN THE FIRST INTEGRALS OF A NONHOLONOMIC
MECHANICAL SYSTEM AND OF THE C ORRESPONDING
SYSTEM FREED OF CONSTRAINTS

PMM Vol, 36, N3, 1972, pp.405-412
Il, ILIEV and Khr, SEMERDZHIEV
(Plovdiv)

(Received December 9, 1971)

We derive the necessary and sufficient conditions for obtaining the first integral
of a nonholonomic system with linear homogeneous constraints from the first in-
tegral of the corresponding system freed of constraints, We present examples,

1, We consider a nonholonomic scleronomous mechanical system with the general-

ized coordinates 7', ¢, ..., ¢", the doubled kinetic energy 27" = gy, ¢ ¢’ and the
force function U == U (¢*). The system is subject to the » — k linear homogeneous
constraints ©”, ¢*-= (). In what follows the Greek indices &, [, v, ..., O take the val-
ves 1, 2, ..., n, while the Latin ones a, b, ¢, d take the values 1, 2, ..., & and p, ¢,
r take k -{- 1, ..., n.By introducing the new variables

q* = Olaxs'a (1.1)

we write the equations of motion in the following form [1]:
Ds*jdt = F¢, Ds = ds* + Theds®s™
F'=G"F, = G"a,"Qx = G™a, 0u | gx
I =6, .,
Lo, = D, v, pttg oo’ 4 grcttg*oay> [ d¢°.°
The vectors a, (%,*) are called the admissible vectors of the system and satisfy the
condition P, =0 (1.2)

The matrix G*' is the inverse of the matrix Go, = gap %a® @™ By Ix, v we de -
note the Christoffel symbols of the first kind, defined by the metric tensor gau.

We consider the case when the system moves by inertia, i,e,, U = const. As was
shown in [2], in order for A,s™® = ¢ to be a linear integral of a nonholonomic system,



